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Abstract
The purpose of this article is to give combinatorial proofs of some binomial identities which
were proved by Calkin [Discrete Math. 131 (1994) 335–337] and Hirschhorn [Discrete Math.
159 (1996) 273–278].
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1. Introduction
De9ne
Ak =
k∑
j=0
(
n
j
)
and
Sp = A
p
0 + · · ·+ Apn ; p¿ 1:
Hirschhorn [2] showed
S1 = (n+ 2)2n−1; (1)
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S2 = (n+ 2)22n−1 − 12
(
2n
n
)
n; (2)
S3 = (n+ 2)23n−1 − 3× 2n−2
(
2n
n
)
n: (3)
In general, he obtained recurrence relations
S2p =
(
p
1
)
2nS2p−1 −
(
p
2
)
22nS2p−2 + · · ·+ (−1)p−1
(
p
p
)
2pnSp
+(−1)pPp; (4)
S2p+1 =
(
p
1
)
2nS2p −
(
p
2
)
22nS2p−1 + · · ·+ (−1)p−1
(
p
p
)
2pnSp+1
+(−1)p2n−1Pp; (5)
where Pp =
∑n−1
m=0 A
p
mA
p
n−1−m.
Earlier, Calkin [1] obtained (3) in a somewhat indirect manner.
In this note, we shall give combinatorial proofs of (1)–(5).
2. Combinatorial proofs
For any nonnegative integers m and n with m6 n, put [m; n] = {m;m + 1; : : : ; n}.
Let Bn be the Boolean algebra, i.e. the lattice of subsets of [1; n] ordered by inclusion.
For any T ∈Bn, T c denote the complement of T in [1; n].
2.1. Proof of (1)
Consider the Cartesian product of [0; n] and Bn
[0; n]×Bn = {(m; T ): m∈ [0; n]; T ∈Bn}:
Let
Am = {(m; T )∈ [0; n]×Bn: |T |6m};
FAm = {(m; T )∈ [0; n]×Bn: |T |¿m};
S1 =
n⋃
m=0
Am;
FS1 =
n⋃
m=0
FAm:
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Then
[0; n]×Bn =S1 ∪ FS1;
|S1 ∩ FS1|= |{(m; T )∈ [0; n]×Bn: |T |= m}|
=
n∑
m=0
(
n
m
)
= 2n
|Am|=
m∑
i=0
(
n
i
)
= Am;
|S1|=
n∑
m=0
|Am|=
n∑
m=0
Am = S1;
|S1|+ | FS1|= |[0; n]×Bn|+ |S1 ∩ FS1|
= (n+ 1)2n + 2n = (n+ 2)2n: (6)
Now de9ne a map
’1: Am → FAn−m;
(m; T )→ (n− m; T c):
Clearly ’1 is bijective, and it induces 1-1 correspondences between S1 and FS1, which
proves |S1|= | FS1|.
Comparing (6) yields
S1 = |S1|= (n+ 2)2n−1:
2.2. Proof of (2)
Let
A(2)m = {(m; T1; T2)∈ [0; n]×Bn ×Bn: |Ti|6m; i = 1; 2};
FA(2)m = {(m; T1; T2)∈ [0; n]×Bn ×Bn: |Ti|¿m; i = 1; 2};
S2 =
n⋃
m=0
A(2)m ;
FS2 =
n⋃
m=0
FA(2)m :
Then
[0; n]×Bn ×Bn =S2 ∪ FS2 ∪ (S2 ∪ FS2)c; (7)
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|A(2)m |=
(
m∑
i=0
(
n
i
))2
= A2m;
|S2|=
n∑
m=0
|A(2)m |=
n∑
m=0
A2m = S2; (8)
where (S2 ∪ FS2)c is the complement of (S2 ∪ FS2) in [0; n]×Bn ×Bn.
Obviously, (S2 ∪ FS2)c is the set of (m; T1; T2)∈ [0; n] × Bn × Bn with |T1|6
m; |T2|¿m or |T1|¿m; |T2|6m. It can be seen that
|(S2 ∪ FS2)c|= 2
n−1∑
m=0

 m∑
j=0
(
n
j
)( n∑
i=m+1
(
n
i
))
= 2
n−1∑
m=0
AmAn−m−1 = n
(
2n
n
)
(see [2])
and
|S2 ∩ FS2|=
(
n∑
m=0
(
n
m
))2
= 22n:
De9ne a map
’2: A(2)m → FA(2)n−m;
(m; T1; T2)→ (n− m; T c1 ; T c2 ):
It is easily veri9ed that ’2 is bijective and it induces a bijection between S2 and FS2
which proves |S2|= | FS2|. Comparing (7) and (8) yields
S2 = (n+ 2)22n−1 − 12 n
(
2n
n
)
:
2.3. Proof of (3)
Just as we did for S2, we consider the sets
A(3)m = {(m; T1; T2; T3)∈ [0; n]×B3n: |Ti|6m; i = 1; 2; 3};
FA(3)m = {(m; T1; T2; T3)∈ [0; n]×B3n: |Ti|¿m; i = 1; 2; 3};
S3 =
n⋃
m=0
A(3)m ;
FS3 =
n⋃
m=0
FA(3)m :
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Then
[0; n]×B3n = (S3 ∪ FS3) ∪ (S3 ∪ FS3)c; (9)
|A(3)m |=
(
m∑
i=0
(
n
i
))3
= A3m;
|S3|=
n∑
m=0
|A(3)m |=
n∑
m=0
A3m = S3; (10)
where (S3 ∪ FS3)c is the complement of S3 ∪ FS3 in [0; n]×B3n.
Through reasoning similar to that used in Section 2.2, we obtain
|(S3 ∪ FS3)c|
=3
n−1∑
m=0

 m∑
j=0
(
n
j
)( n∑
i=m+1
(
n
i
))2
+ 3
n−1∑
m=0

 m∑
j=0
(
n
j
)
2(
n∑
i=m+1
(
n
i
))
=3
n−1∑
m=0

 m∑
j=0
(
n
j
)
n∑
i=m+1
(
n
i
)

 n∑
i=m+1
(
n
i
)
+
m∑
j=0
(
n
j
)
=3× 2n
n−1∑
m=0
AmAn−m−1
=3× 2n−1n
(
2n
n
)
; (11)
|S3 ∩ FS3|=
(
n∑
m=0
(
n
m
))3
= 23n: (12)
De9ne a map
’3: A(3)m → FA(3)n−m;
(m; T1; T2; T3)→ (n− m; T c1 ; T c2 ; T c3 ):
It is easily veri9ed that ’3 is bijective and it induces 1-1 correspondence between S3
and FS3, which proves |S3|= | FS3|.
Comparing (9)–(12) yields
S3 = |A3|= (n+ 2)23n−1 − 3× 2n−2n
(
2n
n
)
:
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2.4. Proofs of (4) and (5)
First, we consider the set
S=
n⋃
m=0
{(m; T1; : : : ; Tp; Tp+1; : : : ; T2p): Ti∈Bn and |Tj|6m for j=1; 2; : : : ; p}:
It is clear that
|S|=
n∑
m=0
Apm2
pn = 2pnSp:
For 16 i6p, let
Pi =
n⋃
m=0
{(m; T1; : : : ; Tp; Tp+1; : : : ; T2p)∈S: |Tp+i|6m}:
Then
|Pi|= 2(p−1)nSp+1; i = 1; 2; : : : ; p;
|Pi ∩Pj|= 2(p−2)nSp+2; i = j; i; j = 1; 2; : : : ; p;
: : :
|P1 ∩ · · · ∩Pp|= S2p:
Denote the complement of Pi in S by Pci ; i = 1; 2; : : : ; p. Then
Pc1 ∩Pc2 · · · ∩Pcp
=
n⋃
m=0
{(m; T1; : : : ; Tp; Tp+1; : : : ; T2p)∈S: |Tp+i|¿m; i = 1; : : : ; p}:
Hence
|Pc1 ∩Pc2 · · · ∩Pcp|=
n−1∑
m=0
ApmA
p
n−1−m = Pp:
By the inclusion–exclusion principle,
Pp = 2pnSp −
(
p
1
)
2(p−1)nSp+1 +
(
p
2
)
2(p−2)nSp+2 − · · ·+ (−1)pS2p;
so,
S2p =
(
p
1
)
2nS2p−1 −
(
p
2
)
22nS2p−2 + · · ·+ (−1)p−1
(
p
p
)
2pnSp + (−1)pPp;
which is (4).
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Next, just as we did for S2, we consider the set T =
⋃n
m=0 {(m; T1; : : : ; Tp;
Tp+1; : : : ; T2p+1): Ti ∈Bn; i = 1; 2; : : : ; 2p + 1 with |Tp+j|6m, j = 1; 2; : : : ; p + 1},
and obtain |T|= 2pnSp+1. For 16 i6p, let
Ti =
n⋃
m=0
{(m; T1; : : : ; Tp; Tp+1; : : : ; T2p+1)∈T: |Ti|6m}:
Then
|Ti|= 2(p−1)nSp+2; i = 1; 2; : : : ; p;
|Ti ∩Tj|= 2(p−2)nSp+3; i = j; i; j = 1; 2; : : : ; p;
: : :
|T1 ∩ · · · ∩Tp|= S2p+1:
Denote the complement of Ti in T by Tci ; i = 1; 2; : : : ; p. It is clear that
Tc1 ∩ · · · ∩Tcp =
n⋃
m=0
{(m; T1; : : : ; Tp; Tp+1; : : : ; T2p+1)∈T: |Ti|¿m; i=1; : : : ; p}:
Hence
|Tc1 ∩Tc2 · · · ∩Tcp|
=
n−1∑
m=0
Ap+1m A
p
n−1−m
=
1
2
(
n−1∑
m=0
Ap+1m A
p
n−1−m +
0∑
m=n−1
Ap+1m A
p
n−1−m
)
=
1
2
[(Ap+10 A
p
n−1 + A
p+1
n−1A
p
0 ) + (A
p+1
1 A
p
n−2 + A
p+1
n−2A
p
1 ) + · · ·
+(Ap+1n−1A
p
0 + A
p+1
0 A
p
n−1)]
=
1
2
[Ap0A
p
n−1(A0 + An−1) + A
p
1A
p
n−2(A1 + An−2) + · · ·+ Apn−1Ap0 (An−1 + A0)]
=2n−1
n−1∑
m=0
ApmA
p
n−1−m
=2n−1Pp:
By the inclusion–exclusion principle,
2n−1Pp = 2pnSp+1 −
(
p
1
)
2(p−1)nSp+2 +
(
p
2
)
2(p−2)nSp+3 − · · ·+ (−1)pS2p+1;
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so
S2p+1 =
(
p
1
)
2nS2p −
(
p
2
)
22nS2p−1 + · · ·+ (−1)p−1
(
p
p
)
2pnSp+1
+(−1)p2n−1Pp;
which is (5).
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